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Camelia Ciobanu

Dedicated to Professor Mirela Stefanescu on the occasion of her 60th birthday

Abstract

In this paper we consider Q the class of solvable Lie algebras £ with
the following property: if A is a subalgebra of £, then ®(A) C ®(L)
(where ®(L) denotes the Frattini subalgebra of L;that is ®(L) is the
intersection of all maximal subalgebras of £). The class Q is shown
to contain all solvable Lie algebras whose derived algebra is nilpotent.
Necessary conditions are found such that an ideal Zof £ € Q be the
Frattini subalgebra of £. We considered here only solvable Lie algebras
of finite dimension.

1. Introduction

In this section, we recall some notions and properties necessary in the
paper.

We shall define by ®(£) the Frattini subalgebra of £, to be the intersection
of all maximal subalgebras of L.

We let N'(£) be the nilradical of £ and S(L) be the socle of £; that is S(L)

is the union of all minimal ideals of £. If A and B are subalgebras of L, let
73('4) be-the centralizer-of-A.in- 3

The center of A will be denoted by Z(A). If [B, A] C A, we let

Ad A (B) = {adb restricted to A; for all b € B}.

£ will be the derived algebra of £ and £"'= (£ ) .
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2.Lie algebras £ with L nilpotent
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12 C. CIOBANU

Definition 2.1. We shall say that a Lie algebra L is the reduced
partial sum of an ideal J and a subalgebra A if L= A+ J and for any
subalgebra D of £ such that £L =7 + D and D C A then D = A.

It is noted that if 7 ¢ ®(L),then there exists a subalgebra A # £ such
that £ is the reduced partial sum of J and A. On the other hand, if
J C ®(L)and L is the reduced partial sum of 7 and A, then A = L.
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Proof.(i) Let ¢ be the mapping from £ into the derivation algebra of J
defined by (z) = adz restricted to J for all z € L. Then

P (B(L)) = Adg (2(L)) = @ (p(L)) = @ (Ads (L)) .

(ii) Let B=Z (®(L)). Suppose that B ¢ ®(L£) and let £ = £/P(L) and
R =B+ ®(L)) /®(L). Since Adg (L) = L/B and

Adg(z) (B(£)) = B(£)/Z (B(L)) = B(L) /BN B(L) = (B + B(L)) /B,
§/R = (L/B(L)) [ (B+ B(L)/D(L)) = L/ (B+ (L)) =

= (L/B)/ ((B+ (L)) /B) = Adg(r) (L) /Adg(c) ((L)) -

Since ®(£) = 0, there exists a subalgebra D in £ such that £ is the reduced
partial sum of R and D.

Using Proposition 2.2 and Lemma 2.1, RND € &(D) =0, hence
RND=0.

Let H be the subalgebra of £ which contains ®(L£) and corresponds to D.

Then

H/®(L) =D =E/R = Ady(r)(L)/Adgcy (P(£)). O
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If B C ®(L),then

Adg () (L) [Ade ) (R(L)) = (L/B)/ (®(£)/Z (D(L))) =
= (£/B)/ (2(L)/BN®(L)) = (£/B)/ (®(L)/B) = L/P(L).
Related to part (i) of Theorem 2.4, there are the following results.

Theorem 2.5. Let £ € Q and let J be an ideal of L containing ®(L).
Then, ® (Ads (L)) 2 Ad7(T) if and only if T = (L) + Z(J). O

Theorem 2.6. Let £ € Q and let J be an ideal of L contained in ®(L).
Then, ® (Ady (L)) = Ady(T) if and only if ®(L) =T + Zoy(J). O
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